We consider D-branes and orientifold planes embedded in non-compact (orbifolded) space-time. We point out that even in the non-compact cases we can turn on non-zero (quantized) NS-NS antisymmetric B-field. In particular, we study the effect of the B-field on four dimensional large N gauge theories from orientifolds. Thus, in theories with both D3-and D7-branes, the effect of the B-field is non-trivial: the number of D7-branes (of each species) is reduced from 8 (which is the required number if the B-field is trivial) to 4. This results in a different orientifold string theory, and, subsequently, the corresponding large N gauge theory is also different. We explicitly construct large N gauge theories from orientifolds with non-zero B-field backgrounds with N = 2, 1, 0 supersymmetries. These theories, just as their counterparts without the Bfield, have the property that in the large N limit computation of any M -point correlation function reduces to the corresponding computation in the parent N = 4 supersymmetric theory with a unitary gauge group.
I. INTRODUCTION
Recently large N gauge theories have attracted a great deal of attention. This was motivated by the AdS/CFT correspondence [1] . One of the implications of these developments was a set of conjectures proposed in [2, 3] which state that certain gauge theories with N = 0, 1 supersymmetries are (super)conformal. These gauge theories are constructed by starting from a U(N) gauge theory with N = 4 space-time supersymmetry in four dimensions, and orbifolding by a finite discrete subgroup Γ of the R-symmetry group Spin(6) [3] . These conjectures were shown at one-loop level for N = 0 theories [2, 3] , and to two loops for N = 1 theories using ordinary field theory techniques [3] .
In the subsequent development [4] these conjectures were shown to be correct to all loop orders in the large N limit of 't Hooft [5] . The key observation in [4] is the following. The above gauge theories can be obtained in the α ′ → 0 limit of Type IIB string theory with N parallel D3-branes with the space transverse to the D-branes being R 6 /Γ. The gauge theory living in the world-volume of the D3-branes arises as a low energy effective field theory of oriented open strings that start and end on the D-branes. The 't Hooft's large N limit then corresponds to taking the limit N → ∞ with λ = Nλ s fixed, where λ s is the Type IIB string coupling. In this context a world-sheet with g handles (corresponding to closed string loops) and b boundaries (corresponding to D-branes) is weighted with
With the identification λ s = g 2 Y M we arrive at precisely the large N expansion in the sense of 't Hooft (provided that the effective coupling λ is fixed at a weak coupling value) 1 .
In [4] the above idea was applied to prove that four dimensional gauge theories (including the cases with no supersymmetry) considered in [2, 3] are conformal to all orders in perturbation theory in the large N limit. The ultraviolet finiteness of string theory (that is, one-loop tadpole cancellation conditions) was shown to imply that the resulting (non-Abelian) gauge theories where conformal in the large N limit (in all loop orders). Moreover, in [4] it was also proven that computation of any correlation function in these theories in the large N limit reduces to the corresponding computation in the parent N = 4 supersymmetric gauge theory.
The work in [4] was generalized in [7] where the setup was Type IIB string theory with D3-branes as well as orientifold planes embedded in the orbifolded space-time. (In certain cases string consistency also requires presence of D7-branes.) This corresponds to Type IIB orientifolds. Introducing orientifold planes is necessary to obtain SO and Sp gauge groups (without orientifold planes the gauge group is always unitary), and also allows for additional variety in possible matter content. The presence of orientifold planes changes the possible topologies of the world-sheet. Now we can have a world-sheet with b boundaries, c cross-caps (corresponding to orientifold planes), and g handles. Such a world-sheet is weighted with
Note that addition of a cross-cap results in a diagram suppressed by an additional power of N, so that in the large N limit the cross-cap contributions are subleading. In fact, in [7] it was shown that for string vacua which are perturbatively consistent (that is, the tadpoles cancel) calculations of correlation functions in N < 4 gauge theories reduce to the corresponding calculations in the parent N = 4 oriented theory. This holds not only for finite (in the large N limit) gauge theories but also for the gauge theories which are not conformal. (In the latter case the gauge coupling running was shown to be suppressed in the large N limit.) Here we note that the power of string perturbation techniques is an invaluable tool in proving such statements 2 . One distinguishing feature of large N gauge theories obtained via orientifolds is that the number of possibilities which possess well defined world-sheet expansion (that is, are perturbative from the orientifold viewpoint) is rather limited. This might appear surprising at the first sight, since naively one might expect that any choice of the orbifold group Γ ⊂ Spin(6) should lead to a consistent world-sheet theory. As was recently discussed at length in [9] , in most cases orientifolds contain non-perturbative sectors (arising from D-branes wrapping various collapsed two-cycles at orbifold singularities) which have no world-sheet description. In [10] these conclusions were confirmed in the context of large N gauge theories from orientifolds. This provides a very non-trivial check for correctness of the conclusions of [9] concerning perturbative consistency of various compact orientifold models discussed in the literature.
The setup of [7] corresponds to considering D-branes and orientifold planes embedded in a non-compact (orbifolded) space-time with zero NS-NS antisymmetric tensor backgrounds. Naively, it might (on the account of the space transverse to the D-branes being non-compact) appear that we cannot consider non-trivial B-field backgrounds. This is not quite so, however. In particular, the subject of this paper is precisely to study the effects of non-zero B-field backgrounds on large N gauge theories from orientifolds. Thus, we point out that even in the non-compact cases we can turn on non-zero quantized B-field which in certain cases has a non-trivial effect. More precisely, if the B-field is turned on in the directions within the world-volume of the D-branes, in the non-compact limit it has no effect on the world-volume theory. However, if the B-field is turned on in the directions transverse to the D-branes, it has the effect of reducing the corresponding tadpoles by a factor of 2. More concretely, the number of D-branes required to cancel the corresponding R-R charge is reduced by 2. Since the number of D3-branes in such theories is arbitrary, the effect of the B-field on D3-branes is immaterial. However, if we consider theories with D3-as well as D7-branes, we have a non-trivial modification due to the B-field: the number of D7-branes (of each species) is reduced from 8 (which is the required number if the B-field is trivial) to 2 In [8] the proofs of [4] were cast into the field theory language. This is straightforward to do once the string expansion is identified with 't Hooft's large N expansion as in [4] in the case of unitary gauge theories (that is, in absence of orientifold planes). However, string theory gives much more insight than the field theory approach (e.g., it explains why the orbifold action on Chan-Paton matrices must be in an n-fold copy of the regular representation of the orbifold group). In the cases with orientifold planes string theory gives an insight for why the number of consistent theories of this type is so limited, whereas within the field theory this fact seems to be a bit mysterious.
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This results in a different orientifold string theory, and, subsequently, the corresponding large N gauge theory is also different. In this paper we explicitly construct large N gauge theories from orientifolds with non-zero B-field backgrounds with N = 2, 1, 0 supersymmetries. These theories, just as their counterparts without the B-field, have the property that in the large N limit computation of any M-point correlation function reduces to the corresponding computation in the parent N = 4 supersymmetric theory.
The remainder of this paper is organized as follows. In section II we review the setup of [7] , and also its generalization [11] which allows to include non-supersymmetric theories. We also discuss the effect of the B-field on the D-brane theories. In sections III, IV, V, and VI we construct various large N gauge theories from orientifolds with N = 2, 1, 0 supersymmetries. In section VII we discuss various issues relevant for the previous discussions. In particular, we point out how the effect of the B-field can be understood from the AdS viewpoint in the context of F-theory.
II. PRELIMINARIES
In this section we review the setup in [7] which leads to supersymmetric large N gauge theories from orientifolds. We also briefly review a simple generalization discussed in [11] that allows to consider non-supersymmetric cases as well. We then discuss the effects of turning on a non-zero B-field which lead to construction of new large N gauge theories from orientifolds discussed in this paper.
A. Setup
Consider Type IIB string theory on C 3 /Γ where Γ ⊂ SU(3)(SU(2)) so that the resulting theory has N = 2(4) supersymmetry in four dimensions. In the following we will use the following notations: Γ = {g a |a = 1, . . . , |Γ|} (g 1 = 1). Consider the ΩJ orientifold of this theory, where Ω is the world-sheet parity reversal, and J is a Z 2 element (J 2 = 1) acting on the complex coordinates z i (i = 1, 2, 3) on C 3 as follows: Jz i = −Jz i . The resulting theory has N = 1(2) supersymmetry in four dimensions.
Note that we have an orientifold 3-plane corresponding to the ΩJ element of the orientifold group. If Γ has a Z 2 subgroup, then we also have an orientifold 7-plane. If we have an orientifold 7-plane we must introduce 8 of the corresponding D7-branes to cancel the R-R charge appropriately. (The number 8 of D7-branes is required by the corresponding tadpole cancellation conditions.) Note, however, that the number of D3-branes is not constrained (for the corresponding untwisted tadpoles automatically vanish in the non-compact case).
We need to specify the action of Γ on the Chan-Paton factors corresponding to the D3and D7-branes. These are given by Chan-Paton matrices which we collectively refer to as n µ × n µ matrices γ µ a , where the superscript µ refers to the corresponding D3-or D7-branes. Note that Tr(γ µ 1 ) = n µ where n µ is the number of D-branes labelled by µ. At one-loop level there are three different sources for massless tadpoles: the Klein bottle, annulus, and Möbius strip amplitudes. The factorization property of string theory implies that the tadpole cancellation conditions read (see, e.g., [7, 12] for a more detailed discussion):
Here B a and C µ a are (model dependent) numerical coefficients of order 1. In the world-volume of D3-branes there lives a four dimensional N = 1(2) supersymmetric gauge theory (which is obtained in the low energy, that is, α ′ → 0 limit). Since the number of D3-branes is unconstrained, we can consider the large N limit of this gauge theory. In [7] (generalizing the work in [4] ) it was shown that, if for a given choice of the orbifold group Γ the world-sheet description for the orientifold is adequate, then in the large N limit (with λ = Nλ s fixed, where λ s is the Type IIB string coupling) computation of any correlation function in this gauge theory is reduced to the corresponding computation in the parent N = 4 supersymmetric oriented gauge theory before orbifolding and orientifolding. In particular, the running of the gauge coupling is suppressed in the large N limit. Moreover, if Tr(γ µ a ) = 0 ∀a = 1 (4) (that is, B a = 0 ∀a = 1), then the the one-loop β-function coefficients b 0 for non-Abelian gauge theories living in world-volumes of the D3-branes vanish. Generically, however, twisted Chan-Paton matrices are not traceless, so that the condition (4) is not satisfied. This generally leads to gauge theories with non-vanishing one-loop β-functions. Nonetheless, "non-finiteness" of such theories is a subleading effect in the large N limit. This is because the β-function coefficients grow as
instead of b s = O(N s+1 ) (as in, say, pure SU(N) gauge theory) [7] . These estimates for the β-function coefficients for b s>0 are non-trivial from the field theory point of view as they imply non-trivial cancellations between couplings (such as Yukawas) in the gauge theory. On the other hand, within string perturbation expansion these statements become obvious once we carefully consider twisted boundary conditions and tadpole cancellation [4, 7] .
B. Discrete Torsion and Non-Supersymmetric Models
One can generalize the above discussion to include non-supersymmetric large N gauge theories from orientifolds [11] . The main subtlety that arises here is the presence of tachyons in the twisted closed string sectors. (Note that there are no tachyons present in the open string sectors.) As we discuss in a moment, the presence of tachyons by itself does not pose a problem for the consistency of the corresponding large N theories. However, if tachyons are present in the physical closed string spectrum of the corresponding orientifold model, a priori they too contribute into the tadpoles. Moreover, the cancellation conditions for the tachyonic and massless tadpoles generically are rather different. That is, the numerical coefficients B a and C a in (3) corresponding to the massless and tachyonic tadpoles are generically different. This typically overconstrains the tadpole cancellation conditions, which makes it rather difficult to find tadpole free non-supersymmetric orientifolds.
There is a way around the above difficulties, however. Let Γ ⊂ SU(3) be an orbifold group such that it contains a Z 2 subgroup. Let the generator of this Z 2 subgroup be R.
Consider now the following orbifold group: Γ ′ = {g ′ a |a = 1, . . . , |Γ|}, where the elements g ′ a are the same as g a except that R is replaced everywhere by R ′ = RT , where T is the generator of a Z 2 group corresponding to the discrete torsion. The action of T is defined as follows: it acts as identity in the bosonic sectors (that is, in the NS-NS and R-R closed string sectors, and in the NS open string sector), and it acts as −1 in the fermionic sectors (that is, in the NS-R and R-NS closed string sectors, and in the R open string sector) when, say, acting on the ground states. Now consider Type IIB on C 3 /Γ ′ . Generically, in this theory all supersymmetries are broken. There are certain "exceptions", however. Thus, if Γ ≈ Z 2 such that Γ ⊂ SU(2), then inclusion of the discrete torsion does not break supersymmetry.
, the number of unbroken supersymmetries is not affected by the discrete torsion. The basic reason for this is that the Z 2 twist is self-conjugate. On the other hand, in certain cases we can include the discrete torsion in ways slightly different from the one just described. In particular, let Γ ≈ Z 4 such that Γ ⊂ SU (2) . Let g be the generator of this Z 4 . Next, consider the following orbifold group:
In other words, the Z 4 twists g and g 3 (but not the corresponding Z 2 twist g 2 ) are accompanied by the discrete torsion T . In this case we also have no unbroken supersymmetries. More generally, we can include the discrete torsion if the orbifold group Γ contains a Z 2 n subgroup. However, the corresponding orbifold group Γ ′ does not always lead to non-supersymmetric theories.
Next, suppose using the above construction we have found an orbifold group Γ ′ such that Type IIB on C 3 /Γ ′ is non-supersymmetric. Then it is not difficult to show that the following statement holds. If Γ is such that the ΩJ orientifold of Type IIB on C 3 /Γ is a perturbatively well defined N = 1 or N = 2 theory (that is, all the massless tadpoles cancel, and there are no non-perturbative contributions to the massless spectrum), then in the ΩJ orientifold of Type IIB on C 3 /Γ ′ (which is non-supersymmetric) all the tachyonic and massless one-loop tadpoles (and, consequently, all the anomalies) automatically cancel. This is basically due to the fact that in all perturbatively well defined orientifolds the twisted Chan-Paton matrices corresponding to the sectors which become tachyonic upon adding the discrete torsion T are all traceless (in both bosonic and fermionic open loop channels, or, equivalently, in both NS-NS and R-R closed tree channels). For this reason the tachyonic tadpoles are always multiplied by zero, and, therefore, cancel. This enables one to construct anomaly free nonsupersymmetric large N gauge theories from orientifolds [11] . In particular, in this paper we will generalize the construction of [11] (along with the construction of supersymmetric theories in [7, 10] ) to include non-trivial B-field backgrounds.
Next, we would like to comment on the consistency of non-supersymmetric theories. This is an important point since they contain tachyons. However, here we are interested in large N gauge theories in the 't Hooft limit Nλ s = fixed, which implies that the closed string coupling constant λ s → 0 as we take N to infinity. In particular, all the world-sheets with handles (corresponding to closed string loops) as well as cross-caps (corresponding to orientifold planes) are suppressed in this limit. That is, the closed string sector decouples from the open string sector in this limit, and after taking α ′ → 0 we can ignore the closed sting states (regardless of whether they are tachyonic or not) altogether. In other words, the string construction here is simply an efficient and fast way of obtaining a field theory result, and at the end of the day we are going to throw out all the irrelevant ingredients (such as complications in the closed string sectors due to the presence of tachyons) and keep only those relevant for the field theory discussion. Note that we would not be able to do the same had we considered a compact model (with a finite number of D3-branes). In this case the closed string sector does not decouple and the theory is sick due to the presence of tachyons 3 .
C. Perturbative Orientifolds
The arguments of [7] that imply the above properties of D3-brane gauge theories are intrinsically perturbative. In particular, a consistent world-sheet expansion is crucial for their validity. It is therefore important to understand the conditions for the perturbative orientifold description to be adequate.
Naively, one might expect that any choice of the orbifold group Γ ⊂ Spin(6) (note that Spin (6) is the R-symmetry group of N = 4 gauge theory) should lead to an orientifold with well defined world-sheet expansion in terms of boundaries (corresponding to D-branes), cross-caps (corresponding to orientifold planes) and handles (corresponding to closed string loops). This is, however, not the case [9, 10, 13] . In fact, the number of choices of Γ for which such a world-sheet expansion is adequate is rather constrained. In particular, in [9, 10, 13] it was argued that for N = 1 there are only seven choices of the orbifold group leading to consistent perturbative orientifolds: 10] , and ∆(3 · 3 2 ) (the latter group is non-Abelian) [13] . All the other orbifold groups lead to orientifolds containing sectors which are non-perturbative from the orientifold viewpoint (that is, these sectors have no world-sheet description). These sectors can be thought of as arising from D-branes wrapping various (collapsed) 2-cycles in the orbifold.
As to the N = 2 theories, in [7] it was shown that the corresponding orientifolds are perturbatively well defined only for the following choices of the orbifold group: Z M , M = 2, 3, 4, 6. Non-supersymmetric orientifolds with non-chiral spectra can be obtained by starting from the N = 2 orbifolds Z 4 and Z 6 and including the discrete torsion T as discussed in the previous subsection [11] . The resulting orientifolds are perturbatively well defined. To obtain chiral models, one starts from the N = 1 orbifolds Z 6 and Z 2 ⊗ Z 2 ⊗ Z 3 , and includes the discrete torsion T . These cases also appear to be perturbatively well defined, although the corresponding arguments are less robust than in other cases (see subsection C of section VI for more details). The above restrictions on the orbifold group will be important in the construction of consistent large N gauge theories from orientifolds with the B-flux.
D. Effects of the B-flux
In this subsection we discuss the key effects which result by turning on a non-zero Bfield. Note that the untwisted NS-NS two-form B µν is odd under the orientifold projection Ω. This implies that the corresponding states are projected out of the closed string massless spectrum. So, naively, it might appear that we cannot have any non-trivial B-flux. This is, however, not the case. Thus, consider for a moment compactifying some of the directions transverse to D3-branes. If we compactify more than one direction, then we can have a non-zero B-flux in those directions. To see this recall that in the compact directions B ij is defined up to a unit shift: B ij ∼ B ij + 1. With this normalization, the only two values of B ij invariant under Ω are 0 and 1/2, hence quantization of B ij . Now we can consider the decompactification limit. In this limit we can have distinct vacua with B ij = 0 and B ij = 0. More generally we can also consider D7-branes. We can have vacua with non-zero B-field (in the decompactification limit) which is either in the directions transverse to the D7-branes or within their world-volumes. As we discuss in a moment, there is a key difference between these two cases.
Thus, consider D7-branes in R 10 . More precisely, we need to add orientifold 7-planes to cancel the R-R charge appropriately. Now consider compactifying two of the space-like directions along the D7-branes, call them X 1 and X 2 , on T 2 ≈ S 1 ⊗ S 1 , where the radii of the two circles are r 1 and r 2 , respectively. Let us consider the case where B 12 = 0. In the closed string sector the left-and right-moving momenta are given by (a = 1, 2):
where m a , n a ∈ Z are the momentum and winding numbers, respectively. Next, consider the following freely acting orbifold of this theory. Let S a be a half winding shift in the X a direction. In other words, the action of S a on the left-and right-moving momenta is given by:
S a |P a L , P a R = exp (πi(P a L − P a R )r a ) |P a L , P a R .
In the untwisted sectors we have:
S a |P a L , P a R = exp (πim a ) |P a L , P a R .
Thus, the states with even momentum numbers m a are invariant under these twists, whereas for odd momentum number states we have corresponding −1 phases under S 1 , S 2 , or both. Modular invariance of the (oriented) closed string sector requires that we add twisted sectors labeled by S 1 , S 2 and S 1 S 2 . The corresponding left-and right-moving momenta read:
where (α 1 , α 2 ) = (1, 0), (α 1 , α 2 ) = (0, 1) and (α 1 , α 2 ) = (1, 1) in the S 1 , S 2 and S 1 S 2 twisted sectors, respectively. Thus, we can use the same formula in the untwisted sector as well which is now labeled by (α 1 , α 2 ) = (0, 0). We have to define the action of the twists S 1 and S 2 on the twisted sector states. There are two inequivalent consistent choices here. First, we can have the same action in the twisted sectors as in the untwisted sector, that is, the action given by (7) (where we replace P a L,R by P a L,R (α 1 , α 2 )). In this case it is not difficult to show that the resulting theory is the same as a compactification of a new torus, call it T 2 , which factorizes into two circles with radii r a = r a /2. In other words, the Z 2 ⊗ Z 2 freely acting orbifold just results in reducing the radii of the circles by a factor of 2. As to the B-field, in this case it is still zero after orbifolding.
The second possibility is that S 1 acting in the S 2 twisted sector has an extra minus sign. Then the consistency requires that S 2 acting in the S 1 twisted sector also has an extra minus sign. Moreover both S 1 and S 2 acting in the S 1 S 2 twisted sector also have an extra minus sign. These extra phases are nothing but a discrete torsion. It is not difficult to show that the resulting theory is the same as a compactification on the above T 2 except that there is a non-zero B-field now: B 12 = 1/2.
Let us now consider the action in the open string sector. It is described by the Chan-Paton matrices γ Sa which must form a (projective) representation of Z 2 ⊗ Z 2 . Here a priori we have two choices:
ǫ = ±1. In the case without the discrete torsion between S 1 and S 2 we must choose ǫ = +1 since the orbifold action in the closed string sector is equivalent to simply rescaling the radii.
In the open string sector the action of the commuting Chan-Paton matrices γ S 1 and γ S 2 can be non-trivial. In fact, it is arbitrary up to the requirement that ǫ = +1. In particular, there are no tadpoles for any choice of these matrices. Thus, the effect of this freely acting orbifold in the open string sector reduces to having two discrete Wilson lines (which commute with each other). Now let us consider the case with the discrete torsion, i.e., the case with non-zero B-field. Then the string consistency requires that we have ǫ = −1 [14 -16] . Note that here we can also view the action or the orbifold as having two Wilson lines except that now they do not commute. This results in reduction of the rank of the gauge group coming from the D7branes by a factor of 2. In particular, half of the original Cartan generators are projected out of the massless spectrum. More precisely, the lightest states with the corresponding quantum numbers have non-zero momentum numbers (but the winding numbers can be zero). This is the key point for the following discussion. Thus, let us take the decompactification limit where r 1 , r 2 → ∞. Then all of these states become massless, and the original gauge symmetry is restored, i.e., no rank reduction occurs in this limit. The upshot here is that in the decompactification limit the D-branes do not feel the presence of the quantized B-field if it is turned on in the directions within the world-volume of the D-branes. Now let us consider the case where we compactify on T 2 ≈ S 1 ⊗ S 1 two space-like directions transverse to D7-branes. The situation here is similar to that discussed above except that the roles of the windings and the momenta are interchanged. This makes all the difference. Thus, we can now consider a freely acting orbifold but this time we must shift by half of the momenta. For the case of the discrete torsion, which corresponds to turning on half-integer B-field, we again have rank reduction, but this time the lightest states with the quantum numbers of the states projected out of the massless spectrum have non-zero winding numbers. In the decompactification limit these states, therefore, become infinitely heavy and decouple. The net result is rank reduction by a factor of 2. Alternatively, we can view this as having only half of the D-branes compared with the case without the B-field. (More precisely, the D-branes split into two equal groups, and only one linear combination is kept.)
Let us summarize the above discussion. If we have a non-zero B-field in the directions within the world-volume of the D-branes, then it has no effect on the D-brane theory in the non-compact case. If the B-field is in the directions transverse to the D-branes, then we have half as many D-branes than in the case without the B-field. Note that any nontrivial B-field transverse to the D3-branes is going to reduce the rank of the corresponding gauge group. However, the number of D3-branes in the theories we are interested in here is unlimited, so the net effect is immaterial. Thus, the only theories that we are going to consider are those with D7-branes. Without the B-field their number is 8 (for each set of D7-branes -see below). However, if we have non-zero B-field in the directions transverse to the D7-branes, we have only 4 of them. This changes the resulting large N gauge theory.
Let z i , i = 1, 2, 3, be the complex coordinates parametrizing the space transverse to D3branes. Let D7 i -branes be located at points in the z i complex plane. Also, let b i = 0, 1/2 be the values of theB-field in the directions corresponding to z i . Then the number of D7 i -branes (if any) is given by n i = 8/k i , where k i = 2 2b i . Moreover, the 7 i 7 j (i = j) open string sector states come with multiplicity k i k j . This is due to the discrete gauge symmetry (isomorphic to Z 2 for each each D7 i -brane with k i = 2) which arises in the process of the rank reduction [16, 13] . Similarly, the 37 i open string sector states come with multiplicity k i .
Another important point is that some of the twisted tadpole cancellation conditions get modified for non-zero B-field configurations. In the following we will not give details of these calculations but simply state the results. These details are not difficult to reproduce if one follows [16, 13] III. N = 2 GAUGE THEORIES In this section we construct four dimensional N = 2 gauge theories form Type IIB orientifolds with the B-field. We start from Type IIB string theory on M= C 3 /Γ, where Γ = {g k |k = 0, . . . , M − 1} ≈ Z M (M = 2, 4, 6) is the orbifold group whose action on the complex coordinates z i (i = 1, 2, 3) on C 3 is given by gz 1 = z 1 , gz 2 = ωz 2 , gz 3 = ω −1 z 3 (ω = exp(2πi/M)). The B-field is turned on in the directions corresponding to z 1 . Next, we consider the ΩJ orientifolds of these theories.
The number of D3-branes is arbitrary, whereas the number of D7-branes (whose locations are given by points in the z 1 complex plane) is 4. The twisted tadpole cancellation conditions have the following solutions: • M = 2 (N = n 3 /2):
• M = 4 (N = n 3 /4): 
The massless open string spectra of these models is given in Table I . Note that the one-loop β-function coefficients for the non-Abelian subgroups of the 33 sector gauge group vanish in the Z 2 and Z 4 theories, whereas in the Z 6 theory we have:
where b 0 (N) and b 0 (N − 1) are the one-loop β-function coefficients for the SU(N) and SU(N − 1) subgroups of the 33 sector gauge group.
Here the following remark is in order. Note that in the Z 6 case the one-loop β-function coefficients of the non-Abelian subgroups of the 33 open string sector gauge group are nonzero, whereas in the Z 2 and Z 4 cases they vanish. This is in accord with the observation of [7] that b 0 = 0 if all the twisted Chan-Paton matrices γ a (a = 1) are traceless. Moreover, generically we do not expect b 0 coefficients to vanish unless all Tr(γ a ) (a = 1) are traceless. However, there can be "accidental" cancellations in some models such that all b 0 = 0 despite some of the twisted Chan-Paton matrices not being traceless. Such "accidental" cancellations, in particular, occur in the N = 2 supersymmetric Z 3 and Z 6 models without the B-field discussed in [7] . These cancellations were explained in [7] using the results obtained in [16] . On the other hand, such an "accidental" cancellation does not occur in the above Z 6 model with the B-field.
IV. N = 1 GAUGE THEORIES
In this section we construct four dimensional N = 1 gauge theories form Type IIB orientifolds with the B-field. We start from Type IIB string theory on M = C 3 /Γ, where Γ ≈ Z 2 ⊗ Z 2 , Z 2 ⊗ Z 2 ⊗ Z 3 , and Z 6 . Next, we consider the ΩJ orientifolds of these theories.
is the orbifold group whose action on the complex coordinates z i is given by R i z j = −(−1) δ ij z j . Let b i = 0, 1/2 be the values of the B-field in the directions corresponding to z i . The number of the D3-branes is arbitrary. We have three sets of D7-branes which we will refer to as D7 ibranes. The locations of the D7 i -branes are given by the points in the z i complex plane. The number of D7 i -branes is n i = 8/2 2b i .
The twisted tadpole cancellation conditions imply that the corresponding Chan-Paton matrices γ R i ,3 and γ R i ,7 j are traceless:
Up to equivalent representations, the solution to the twisted tadpole cancellation conditions is given by (N = n 3 /2):
where σ i are Pauli matrices, and I N is an N × N identity matrix. (The action on the D7 i Chan-Paton charges is similar.) The spectra of these models are given in Table II . Note that the one-loop β-function coefficient vanishes for the Sp(N) 33 sector gauge group.
Let us now consider the case with Γ ≈ Z 2 ⊗ Z 2 ⊗ Z 3 . Let R i be the same as in the previous example, and let g be the generator of Z 3 ⊂ Γ which acts as as follows: gz i = ωz i , where ω = exp(2πi/3). Just as in the previous case, the untwisted tadpole cancellation conditions require presence of three sets of D7-branes with n i = 8/2 2b i D7-branes in each set. The solution to the twisted tadpole cancellation conditions reads (N = (n 3 + 4)/6):
The action on D7 i Chan-Paton charges is similar. The spectra of these models are given in Table II . The non-Abelian gauge anomaly is cancelled in these models. Also, the one-loop β-function coefficients for the SU(N) and Sp(N − 2) subgroups of the 33 sector gauge group are given by:
C. The Z 6 Model
Consider the case Γ ≈ Z 6 ≈ Z 2 ⊗ Z 3 , where the generators R and g of the Z 2 and Z 3 subgroups have the following action on the complex coordinates z i : Rz 1 = −z 1 , Rz 2 = −z 2 , Rz 3 = z 3 , gz i = ωz i (ω = exp(2πi/3)). The B-field is turned on in the directions corresponding to z 3 . The number of the D3-branes is arbitrary, whereas the number of D7-branes (whose locations are given by points in the z 3 complex plane) is 4. The twisted tadpole cancellation conditions have the following solution (N = (n 3 + 4)/6):
The spectrum of this model is given in Table II . Note that the non-Abelian gauge anomaly cancels in this model. Also, the one-loop β-function coefficients for the SU(N) and SU(N − 2) subgroups of the 33 sector gauge group are given by:
V. NON-CHIRAL N = 0 GAUGE THEORIES In this section we construct non-chiral four dimensional N = 0 gauge theories form Type IIB orientifolds with the B-field. We start from Type IIB string theory on M= C 3 /Γ, where Γ = { g k |k = 0, . . . , M − 1} ≈ Z M (M = 4, 6) is the orbifold group whose action on the complex coordinates z i (i = 1, 2, 3) on C 3 is given by gz 1 = z 1 , gz 2 = ωz 2 , gz 3 = ω −1 z 3 (ω = exp(2πi/M)), and g = gT . Here the action of T is defined as follows: it acts as identity in the bosonic sectors (that is, in the NS-NS and R-R closed string sectors, and in the NS open string sector), and it acts as −1 in the fermionic sectors (that is, in the NS-R and R-NS closed string sectors, and in the R open string sector) when, say, acting on the ground states. Note that including the discrete torsion T in the orbifold action breaks all supersymmetries. The B-field is turned on in the directions corresponding to z 1 . Next, we consider the ΩJ orientifolds of this theories.
The number of D3-branes is arbitrary, whereas the number of D7-branes (whose locations are given by points in the z 1 complex plane) is 4. The twisted tadpole cancellation conditions have the following solutions: 
The massless open string spectra of these models is given in Table III . Note that the one-loop β-function coefficients for the non-Abelian subgroups of the 33 sector gauge group vanish in both the Z 4 and Z 6 theories. In the Z 6 case we have an "accidental" cancellation similar to that discussed in section III.
VI. CHIRAL N = 0 GAUGE THEORIES
In this section we construct four dimensional N = 1 gauge theories form Type IIB orientifolds with the B-field. We start from Type IIB string theory on M = C 3 /Γ, where Γ ≈ Z 2 ⊗ Z 2 ⊗ Z 3 , and Z 6 . In both cases we include the discrete torsion T discussed in the previous section. This discrete torsion breaks supersymmetry completely. Next, we consider the ΩJ orientifolds of these theories.
Consider the case with Γ ≈ Z 2 ⊗ Z 2 ⊗ Z 3 . Let R 1 and R 2 = R 2 T be the generators of Z 2 ⊗ Z 2 , where R i are the same as in section IV, and let g be the generator of Z 3 ⊂ Γ (which was also defined in section IV). The untwisted tadpole cancellation conditions require presence of three sets of D7-branes with n i = 8/2 2b i D7-branes in each set, where b i = 0, 1/2 are the values of the B-field in the z i directions. The number of D3-branes is arbitrary. The solution to the twisted tadpole cancellation conditions reads (N = (n 3 + 4)/6):
The action on D7 i Chan-Paton charges is similar. The spectra of these models are given in Table IV . The non-Abelian gauge anomaly is cancelled in these models. Also, the one-loop β-function coefficients for the SU(N) and Sp(N − 2) subgroups of the 33 sector gauge group are given by:
(38)
Consider the case Γ ≈ Z 6 ≈ Z 2 ⊗Z 3 , where the generators of the Z 2 and Z 3 subgroups are R = RT and g. (Here, as before, we have the following action on the complex coordinates z i :
The B-field is turned on in the directions corresponding to z 3 . The number of the D3-branes is arbitrary, whereas the number of D7-branes (whose locations are given by points in the z 3 complex plane) is 4. The twisted tadpole cancellation conditions have the following solution (N = (n 3 + 4)/6):
The spectrum of this model is given in Table V . Note that the non-Abelian gauge anomaly cancels in this model. Also, the one-loop β-function coefficients for the SU(N) and SU(N − 2) subgroups of the 33 sector gauge group are given by:
(44)
C. Comments
Here the following remark is in order. As we already mentioned in section II, most of the ΩJ orientifolds of Type IIB on C 3 /Γ are expected to contain states which do not possess world-sheet description. In certain cases these states decouple (upon appropriately blowing up orbifold singularities). This was shown to be the case for N = 1 supersymmetric orientifolds with Γ ≈ Z 2 ⊗ Z 2 ⊗ Z 3 and Z 6 [17, 9, 10] 4 . (These are the orbifolds considered in section IV.) Note that such non-perturbative states do not appear in the N = 1 orientifold of Type IIB on C 3 /Z 2 ⊗ Z 2 . Also, they are absent in the N = 2 orbifolds discussed in section III [19, 9] . Absence of such states in non-chiral N = 0 cases (discussed in section V) was argued in [11] . However, there it was also pointed out that for the chiral N = 0 cases of this section it is not completely clear whether such states decouple. In other cases one was able to perform various checks confirming the required decoupling. However, in the cases at hand it appears to be rather difficult to find such an independent check. In order for the gauge theories constructed in this section to have a well defined world-sheet description, it is necessary that the corresponding non-perturbative states decouple. We will assume that this is indeed the case. (Thus, non-trivial cancellation of non-Abelian gauge anomalies in these models might be considered (at least indirect) evidence for the correctness of this assumption.) Here we would like to stress that all the other gauge theories discussed in this paper are safe from such non-perturbative contributions.
VII. DISCUSSION
The gauge theories we constructed in this paper have the property that in the large N limit computation of any M-point correlation function reduces to the corresponding computation in the parent N = 4 gauge theory with the unitary gauge group. Thus, in the large N limit these theories do not appear to be different from those without the B-flux. However, for finite N the theories with and without the B-flux are distinct. In particular, 1/N corrections to the correlation functions are different in these two classes of theories.
Here we would like to comment on the effect of the B-field on the gauge theories from the supergravity viewpoint [1] . The above orientifolds can be viewed as compactifications of Type IIB string theory on AdS 5 ⊗ X 5 , where X 5 is defined as follows 5 . To consider supergravity duals of the gauge theories without the orientifold planes [2] [3] [4] we consider X 5 = S 5 /Γ, where Γ is the orbifold group acting on the complex coordinates z i (where i |z i | = r 2 defines S 5 with radius r). Here we assume that all Z 2 subgroups of Γ (if any) are such that the corresponding generators have a set of fixed points of real dimension 2 when acting on C 3 (so that Type IIB on C 3 /Γ is a modular invariant theory). To introduce duals of the orientifold planes we consider manifolds X 5 = S 5 / Γ, where Γ ≈ Γ ⊗ Z 2 , and this last Z 2 subgroup is generated by J (Jz i = −z i ). Now, suppose Γ contains a Z 2 twist R which, say, has the following action: Rz 1 = −z 1 , Rz 2 = −z 2 , Rz 3 = z 3 . Then the element RJ of Γ twists z 3 (RJz 3 = −z 3 ) while leaving z 1 , z 2 invariant. In the flat space limit this would imply that we are considering Type IIB on C 2 ⊗ (C/Z 2 ) (further modded out by other elements of Γ). Since (C/Z 2 ) is the non-compact limit of P 1 , it is natural to use the F-theory [21] framework to understand the geometric origin of the effect of the B-flux on the corresponding AdS 5 ⊗ X 5 compactification. Note that the B-flux is in the directions corresponding to z 3 . This can be viewed in the context of F-theory with quantized fluxes [22] (also see [15] ). In particular, in this framework one can understand the rank reduction of the 77 open string sector gauge group geometrically 6 .
Finally, we would like to mention that the large N gauge theories can also be constructed from orientifolds with orientifold 7-planes with D7-and D3-branes but without orientifold 3-planes. Some gauge theories of this kind without the B-flux were studied in [24] . It would be interesting to study such theories with the B-flux in more detail 7 .
TABLES

Model
Gauge Group Charged Hypermultiplets Z 2 U (N ) 33 ⊗ U (2) 77 2(A; 1) 33 2(1; 1) 77 2(N; 2) 37 Z 4 [U (N ) 2 ] 33 ⊗ [U (1) 2 ] 77 (A, 1) 33 (1, A) 33 (N, N) 33 (1, 1) 77 2(N, 1) 37 2(1, N) 37 Z 6 [U (N ) 2 ⊗ U (N − 1)] 33 ⊗ [U (1) 2 ] 77 (A, 1, 1) 33 (1, A, 1) 33 (N, 1, N − 1) 33 (1, N, N − 1) 33 2(N, 1, 1) 37 2(1, N, 1) 37   TABLE I . The massless open string spectra of N = 2 orientifolds of Type IIB on C 3 /Z M M = 2, 4, 6 with the B-field. The semi-colon in the column "Charged Hypermultiplets" separates 33 and 77 representations. The notation A stands for the two-index antisymmetric representation (which is N (N −1)/2 dimensional for U (N )) of the corresponding unitary group. The U (1) charges are not shown.
Gauge Group
Charged Chiral Multiplets
The massless open string spectra of the N = 1 orientifolds of Type IIB on C 3 /Z 2 ⊗ Z 2 , C 3 /Z 2 ⊗ Z 2 ⊗ Z 3 and C 3 /Z 6 with the B-field. The notation A for the Sp groups stands for the two-index antisymmetric (reducible) representation. Also, note that we are using the normalization where the rank of Sp(2K) is K. The U (1) charges are given in parentheses. We have introduced the following notations: k i = 2 2b i , m i = 4/k i , a i = m i (m i − 1)/2, r i = 2/k i , c i = r i (r i − 1)/2. (For c i = 0 the corresponding state is absent.) TABLE III. The massless open string spectra of the N = 0 orientifolds of Type IIB on C⊗(C 2 /Z 4 ) and C⊗(C 2 /Z 6 ) with the B-field. The subscript "b" indicates that the corresponding field consists of the bosonic content of a hypermultiplet. (Thus, 1 2 of this content corresponds to a complex scalar.) The subscript "f " indicates that the corresponding field consists of the fermionic content of a hypermultiplet (that is, of one left-handed and one right-handed chiral fermion in the corresponding representation of the gauge group). The notation Adj stands for the adjoint representation (not including the U (1) factor). The U (1) charges are not shown .  TABLE IV . The massless open string spectrum of the N = 0 orientifold of Type IIB on C 3 /Z 2 ⊗ Z 2 ⊗ Z 3 with the B-field. The subscript "c" indicates that the corresponding field is a complex boson. The subscript "L" indicates that the corresponding field is a left-handed chiral fermion. The notation S stands for the two-index symmetric representation of SU (N ). The notation Adj stands for the N 2 − 1 dimensional adjoint representation of SU (N ), whereas a stands for the N (N − 1)/2 − 1 dimensional traceless antisymmetric representation of Sp(N ). Also, s = 2, 3, and k i , r i , c i were defined in Table II . Here we have introduced the following notation: p i = r i (r i + 1)/2, q i = r 2 i − 1. (For q i = 0 the corresponding state is absent.) The U (1) charges are given in parentheses.
TABLE V.
The massless open string spectrum of the N = 0 orientifold of Type IIB on C 3 /Z 6 with the B-field. The subscript "c" indicates that the corresponding field is a complex boson. The subscript "L" indicates that the corresponding field is a left-handed chiral fermion. The U (1) charges are given in parentheses.
